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Abstract

We describe the implementation of optimal local radiation boundary condi-
tion sequences for second order finite difference approximations to Maxwell’s
equations and the scalar wave equation using the double absorbing boundary
formulation. Numerical experiments are presented which demonstrate that
the design accuracy of the boundary conditions is achieved and, for com-
parable effort, exceeds that of a convolution perfectly matched layer with
reasonably chosen parameters. An advantage of the proposed approach is
that parameters can be chosen using an accurate a priori error bound.

Keywords: radiation boundary conditions, Maxwell’s equations, wave
equation, Yee scheme

1. Introduction

An important issue in the simulation of electromagnetic effects is the
ability to truncate unbounded domains into regions of interest that can be
simulated efficiently and accurately for long times. In the context of finite
difference time domain (FDTD) solvers, this typically takes the form of a
perfectly matched layer (PML) [1]. The PML method is attractive because
it is effective and easy to implement; however, the performance is closely
tied to a selection of parameters. While work has been done to automate
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the selection of the optimal PML parameters [2], it is often the case that
they must be found by experimentation.

Our goal here is to utilize an alternative to PML, namely the complete
radiation boundary conditions (CRBC) [3]. Advantages of the CRBC are:

i. A clear notion of convergence, exponential in increasing order;

ii. A sharp a priori error estimate;

iii. A fast and inexpensive method for selecting optimized parameters.

Earlier implementations of CRBCs relied on the decomposition of the
solution in terms of characteristic variables at the artificial boundary [4].
Due to the staggered grid in time and space used in FDTD methods, it
is not readily apparent how to directly implement a CRBC type boundary
condition. To deal with these staggered grids, we show how a Double Ab-
sorbing Boundary (DAB) [5] can be used to leverage the desirable properties
of the CRBCs in FDTD simulations. The DAB is constructed by forming
a thin non-reflecting layer on which we apply the CRBC on two parallel
boundaries. Here we formulate the DAB for the standard second-order cen-
tral difference approximation to the scalar wave equation satisfied by the
components of the electric field, using a 3-point DAB layer. The updated
electric field components are then used as boundary data for the staggered
grid scheme.

We demonstrate the performance of the method with numerical experi-
ments for problems in waveguides, between parallel plates, and in free space.

2. Double Absorbing Boundary Method

2.1. CRBC Review

In order to introduce the DAB method, we first recall that the CRBC
[3] is defined recursively using the auxiliary variables u0, ..., uP

āj
∂uj+1

∂t
− ∂uj+1

∂n̂
+ σ̄juj+1 = aj

∂uj
∂t

+
∂uj
∂n̂

+ σjuj , (1)

where u0 is the solution in the volume and n̂ is the outward pointing normal.
The parameters aj , āj , σj , and σ̄j are defined as

aj =
cos θj
c

, āj =
cos θ̄j
c

, σj =
1

cT

sin2 θj
cos θj

, σ̄j =
1

cT

sin2 θ̄j

cos θ̄j
, (2)
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where the angle variables θj and θ̄j are chosen to minimize the reflections,
c is the wave speed, and T is the total time of interest (e.g. the simulation
time). Here we assume u0 satisfies the scalar wave equation in the vicinity
of the artificial boundary and beyond:

∂2u0
∂t2

− c2∇2u0 = 0. (3)

After defining a separation parameter δ to be the minimum separation be-
tween the boundary and any scatterers, sources, or other inhomogeneities,
in [3] it is shown that the maximum reflection coefficient is given by

ρ = max
0≤θ<π/2

P−1∏
j=0

| cos θ − aj || cos θ − āj |
(cos θ + aj)(cos θ + āj)

 ·(1− cos θ

1 + cos θ

)
e−

δ
cT

1
cos θ . (4)

An optimization scheme can be employed to rapidly select the parameters
aj and āj that minimize ρ. It can be proven that ρ decreases exponentially
with P . Precisely,

P ∝ ln

(
1

ρ

)
· ln
(
cT

δ

)
. (5)

Functions which compute these parameters are included in our CRBC soft-
ware library rbcpack (www.rbcpack.org). We emphasize that the angle
variables are not incidence angles of plane waves. Rather they parameterize
a complete wave representation as derived in [3]. As such the reflection co-
efficient ρ provides an a priori error estimate. More precisely, since ρ is an
upper bound for the reflection error along an entire inversion contour for a
Fourier-Laplace representation of the solution in the far field, a direct appli-
cation of Parseval’s relation implies a simple error bound which is attained
for some data. Moreover, as the optimization is based on the equidistribu-
tion principle, one expects it to be rather accurate for broadband signals.
We will see in the numerical experiments that the predicted accuracy can be
attained for sufficiently well-resolved waves and that the error bounds are
sharp.

2.2. DAB for the Scalar Wave Equation

Following from [5], to illustrate the DAB method, we consider the scalar
wave equation in the semi–bounded domain as shown in Fig. 1(a)

∂2u

∂t2
− c2∇2u = f. (6)
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Figure 1: (a) the original domain, (b) the truncated domain

For simplicity, we prescribe zero Dirichlet conditions on the boundaries

u = 0, on ΓW , ΓS , (7)

and initial conditions

u(x, y, t = 0) = h(x, y), (8)

∂u

∂t
(x, y, t = 0) = g(x, y), (9)

where h and g are known functions satisfying the boundary conditions. We
further require that c is constant, f = 0, and the initial values vanish outside
a compact region, Ω0.

We next truncate the semi–infinite domain by introducing two artificial
boundaries: ΓN and ΓE located at y = yN and x = xE , respectively. We
additionally introduce two interfaces ΓA and ΓB which are located at y =
yA < yN and x = xB < xE , respectively. The entire computation domain,
Ω, is bounded by ΓN

⋃
ΓE
⋃

ΓS
⋃

ΓW . As shown in Fig 1(b), this divides
the computational domain into four subdomains: the interior domain ΩI ;
two thin edge layers, ΩN and ΩE ; and a thin corner layer ΩNE . We suppose
the interfaces ΓA and ΓB are chosen such that Ω0 ⊂ ΩI ; therefore, in the
layers ΩN , ΩE , and ΩNE , c is constant, f = 0, and the initial conditions are
zero.

The idea is to use the thin layers ΩN , ΩE , and ΩNE as absorbing layers
so that we may compute the solution in ΩI as close to the solution of the
semi–infinite problem as possible. To do this, we introduce a set of auxiliary
variables in each of the layers. In ΩN , we introduce φ0, ..., φQ; in ΩE we
introduce υ0, ..., υP ; and in ΩNE we introduce the doubly indexed set of
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auxiliary variables ψp,q with p = 0, ..., P and q = 0, ..., Q. In each layer, we
require the auxiliary variables to satisfy (6) with f = 0:

∂2φq
∂t2

− c2∇2φq = 0, in ΩN , (10)

∂2υp
∂t2

− c2∇2υp = 0, in ΩE , (11)

∂2ψp,q
∂t2

− c2∇2ψp,q = 0, in ΩNE . (12)

We insist that the auxiliary variables satisfy zero initial conditions and we
apply the same boundary conditions as u on ΓS and ΓW :

φq = 0, on ΓW , (13)

υp = 0, on ΓS . (14)

In order to couple the auxiliary variables in the layers and the interior, we
require that the CRBC recursions (1) be satisfied on the boundaries:(

āq
∂

∂t
− ∂

∂y
+ σ̄q

)
φq+1 =

(
aq
∂

∂t
+

∂

∂y
+ σq

)
φq, on ΓA, ΓN , (15)(

b̄p
∂

∂t
− ∂

∂x
+ ς̄p

)
υp+1 =

(
bp
∂

∂t
+

∂

∂x
+ ςp

)
υp, on ΓB, ΓE , (16)

and for the auxiliary variables defined on the corner layer, ΓNE , we require(
āq
∂

∂t
− ∂

∂y
+ σ̄q

)
ψp,q+1 =

(
aq
∂

∂t
+

∂

∂y
+ σq

)
ψp,q, on ΓA, ΓN ,

(17)(
b̄p
∂

∂t
− ∂

∂x
+ ς̄p

)
ψp+1,q =

(
bp
∂

∂t
+

∂

∂x
+ ςp

)
ψp,q, on ΓB, ΓE .

(18)

To begin the recursions on the interior sides of the layer, we require the
slope and value of φ0 and υ0 to coincide with u:

φ0 = u,
∂φ0
∂y

=
∂u

∂y
, on ΓA, (19)

υ0 = u,
∂υ0
∂x

=
∂u

∂x
, on ΓB. (20)

In the corner layer, we require the zeroth level of the auxiliary variable in
each direction to agree in slope and value with the auxiliary variables in the
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neighboring layer,

ψp,0 = φp,
∂ψp,0
∂x

=
∂φp
∂x

, p = 0, ..., P, on ΓB, (21)

ψ0,q = υq,
∂ψ0,q

∂y
=
∂υq
∂y

, q = 0, ..., Q, on ΓA. (22)

On the exterior sides of the layers, we terminate the recursions using the
Sommerfeld conditions(

∂

∂t
+ c

∂

∂y

)
φQ = 0, on ΓN , (23)(

∂

∂t
+ c

∂

∂x

)
υP = 0, on ΓE , (24)(

∂

∂t
+ c

∂

∂y

)
ψp,Q = 0, p = 0, ..., P, on ΓN , (25)(

∂

∂t
+ c

∂

∂x

)
ψP,q = 0, q = 0, ..., Q, on ΓE . (26)

Since the auxiliary variables are continuous across the interfaces at the
zeroth level by construction and satisfy the same wave equation as u, we
have

φ0 ≡ u, in ΩN , (27)

υ0 ≡ u, in ΩE , (28)

ψ0,0 ≡ u, in ΩNE . (29)

We note that the extension to a full three dimensional problem is analo-
gous and simply requires the introduction of a set of triply indexed auxiliary
variables to handle corners.

2.3. Discretization

To discretize the DAB, we use finite differences in space and time. We
define the grid spacings in x and y to be hx and hy, respectively, and dis-
cretize time with the time-step size ∆t. In order to more efficiently write
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the finite difference scheme, we introduce the following discrete operators:

Forward average in space: A+
x vi,j = (vi,j + vi+1,j)/2,

Forward average in time: A+
t v

n = (vn + vn+1)/2,

Forward difference in space: D+
x vi,j = (vi+1,j − vi,j)/hx,

Backward difference in space: D−
x vi,j = (vi,j − vi−1,j)/hx,

Forward difference in time: D+
t v

n = (vn+1 − vn)/∆t,

Backward difference in time: D−
t v

n = (vn − vn−1)/∆t,

(30)

and analogously define A+
y , D+

y , and D−
y . Then we can discretize the interior

of the problem (6), ΓI , using standard second order central differences

D+
t D

−
t u

n
i,j = c2

(
D+
xD

−
x +D+

y D
−
y

)
uni,j + fni,j ,

i = 1, ..., nx − 1, j = 1, ..., ny − 1, n ≥ 1,
(31)

where there are (nx + 1) and (ny + 1) grid points in the x and y directions,
respectively, and uni,j ≈ u(xi, yj , n∆t), fni,j = f(xi, yj , n∆t), and ∆t has been
chosen to satisfy the CFL condition

∆t ≤ c−1
(
(hx)−2 + (hy)

−2
)−1/2

. (32)

We note that setting uni,j = 0 satisfies the boundary conditions whenever
i = 0 or j = 0, so these values do not require updates.

To discretize the layers ΩE , ΩN , and ΩNE , we note that they only need
to be wide enough to support the wave equation stencil. In the case of
second order centered differences, this means that we only require the layers
to be three grid points (or 2h) wide. The layers can be made thicker, but
there is no practical benefit [5]. Therefore, ΩN has (nx + 1) gridpoints in
the x direction and 3 gridpoints in the y direction; ΩE has 3 gridpoints in
the x direction and (ny + 1) gridpoints in the y direction; and ΩNE has 3
gridpoints in each direction. For clarity we index these points in accordance
with the interior indexing; for example in ΩN the auxiliary functions have
a second index ranging from ny − 1 to ny + 1. Then the updates for the
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interiors of the layers are given by discretizing (10)–(12):

D+
t D

−
t φ

n
i,ny ,q = c2

(
D+
xD

−
x +D+

y D
−
y

)
φni,ny ,q,

i = 1, ..., nx − 1, q = 0, ..., Q,
(33)

D+
t D

−
t υ

n
nx,j,p = c2

(
D+
xD

−
x +D+

y D
−
y

)
υnnx,j,p,

j = 1, ..., ny − 1, p = 0, ..., P,
(34)

D+
t D

−
t ψ

n
nx,ny ,p,q = c2

(
D+
xD

−
x +D+

y D
−
y

)
ψnnx,ny ,p,q,

q = 0, ..., Q, p = 0, ..., P,
(35)

The CRBC recursions on the interface side of the layers given in (15)–(16)
are discretized as(

āqD
+
t A

+
y −D+

y A
+
t + σ̄qA

+
t A

+
y

)
φni,j,q+1 =(

aqD
+
t A

+
y +D+

y A
+
t + σqA

+
t A

+
y

)
φni,j,q,

i = 1, ..., nx − 1, j = ny − 1, ny,

(36)

(
b̄pD

+
t A

+
x −D+

x A
+
t + ς̄pA

+
t A

+
x

)
υni,j,p+1 =(

bpD
+
t A

+
x +D+

x A
+
t + ςpA

+
t A

+
x

)
υni,j,p,

i = nx − 1, nx, j = 1, ..., ny − 1.

(37)

The recursions on the sides of the corner layer ΩNE given in (17)–(18) are
discretized analogously as(

āqD
+
t A

+
y −D+

y A
+
t + σ̄qA

+
t A

+
y

)
ψnnx,j,p,q+1 =(

aqD
+
t A

+
y +D+

y A
+
t + σqA

+
t A

+
y

)
ψnnx,j,p,q, j = ny − 1, ny,

(38)(
b̄pD

+
t A

+
x −D+

x A
+
t + ς̄pA

+
t A

+
x

)
ψni,ny ,p+1,q =(

bpD
+
t A

+
x +D+

x A
+
t + ςpA

+
t A

+
x

)
ψni,ny ,p,q, i = nx − 1, nx, .

(39)

We can solve the “forward” recursions on ΓA and ΓB from (36)–(39) and
for φn+1

i,ny−1,q+1, υ
n+1
nx−1,j,p+1, ψ

n+1
nx,ny−1,p,q+1, and ψn+1

nx−1,ny ,p+1,q. Similarly, we

can solve the “backward” recursions on ΓN and ΓE for φn+1
i,ny+1,q, υ

n+1
nx+1,j,p,

ψn+1
nx,ny+1,p,q, and ψn+1

nx+1,ny ,p,q
. We note this yields explicit update formulas,

which we enumerate in Appendix A.
Finally, the termination conditions (23)–(26) are discretized as

(D+
t A

+
y + cD+

y A
+
t )φni,ny+1,Q = 0, i = 1, ..., nx − 1, (40)

(D+
t A

+
x + cD+

x A
+
t )υnnx+1,j,P = 0, j = 1, ..., ny − 1, (41)

(D+
t A

+
y + cD+

y A
+
t )ψnnx,ny+1,p,Q = 0, p = 0, ...P, (42)

(D+
t A

+
x + cD+

x A
+
t )ψnnx+1,ny ,P,q = 0, q = 0, ...Q. (43)
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Again, we can solve the equations (40)–(43) to yield explicit updates for
φn+1
i,ny+1,Q, υn+1

nx+1,j,P , ψn+1
nx,ny+1,p,Q, and ψn+1

nx+1,ny ,P,q
.

Then the full update procedure is:

1. Update the internal grid points using (31).

2. Copy the new internal values to zeroth level of the auxiliary variables.
Specifically, copy vn+1

i,ny−1 to φn+1
i,ny−1,0 and copy un+1

nx−1,j to υn+1
nx−1,j,0.

3. Update the internal points of ΩN and ΩE using (33)–(34).

4. Apply the termination conditions (40)–(41) to the points in ΩN and
ΩE .

5. Update the points in ΩN and ΩE using the recursions (36)–(37).

6. Copy the updated auxiliary variables from ΩN and ΩE to the ze-
roth level auxiliary variables in ΩNE . Specifically, copy φn+1

nx−1,ny ,q
to

ψn+1
nx−1,ny ,0,q

and υn+1
nx,ny−1,p to ψn+1

nx,ny−1,p,0.

7. Compute the updates to ψn+1
nx,ny ,p,q using (35).

8. Apply the termination conditions (42)–(43) to the points in ΩNE .

9. Apply the recursive updates (38)–(39).

10. Copy the updated values from ΩNE into ΩN and ΩE . In particular,
copy ψn+1

nx,ny ,0,q
to φn+1

nx,ny ,q and ψn+1
nx,ny ,p,0

to υn+1
nx,ny ,p.

11. Copy the updated values from ΩN and ΩE into ΩI . In particular, copy
φn+1
i,ny ,0

to un+1
i,ny

and υn+1
nx,j,0

to un+1
nx,j

.

12. Move to the next time step n← n+ 1.

Notice that we only require updates to the points in the wave equation’s
stencil. In particular, we do not need to update the points in the corners
of ΩNE . Finally, note that we can handle other boundary condition types
by modifying the wave equation updates (33)–(34). For example, if on ΓW
we instead imposed a zero Neumann condition, we would modify the wave
equation updates at ΓW in ΩN to be

D+
t D

−
t φ

n
0,ny ,q = c2

(
φn1,ny ,q − φn0,ny ,q

h2
+D+

y D
−
y φ

n
0,ny ,q

)
, q = 0, ..., Q, (44)

which we arrive at by substituting D+
x φ

n
0,ny ,q = 0.

3. Application to the Yee Scheme

In order to apply the DAB to the Yee scheme, we require the material
in the neighborhood of the boundaries to be homogeneous, isotropic, and
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dielectric. In this case, Maxwell’s equations are given by

∂H

∂t
= − 1

µ
∇×E, (45)

∂E

∂t
=

1

ε
∇×H, (46)

subject to the constraints

∇ ·E = 0, (47)

∇ ·H = 0. (48)

We emphasize that there can be any number of sources, scatterers, or other
inhomogeneities in the interior of the domain so long as they are separated
from the DAB boundaries by some distance δ > 0.

To discretize these equations using Yee’s scheme [6] on a rectangular
domain [xL, xR] × [yL, yR] × [zL, zR] with mesh spacings of hx, hy, and hz,
in the x, y, and z directions, respectively, we define

xi = xL + ihx, yj = yL + jhy, zk = zL + khz. (49)

We choose a time step size, ∆t, satisfying

∆t ≤ c−1
(
(hx)−2 + (hy)

−2 + (hz)
−2
)−1/2

, (50)

with the wave speed, c = (εµ)−1/2. Letting

tn = n∆t, (51)

Maxwell’s equations are approximated on a staggered space–time grid:

D+
t (Hx)ni,j+1/2,k+1/2 =

1

µ

(
D+
z (Ey)

n+1/2
i,j+1/2,k −D

+
y (Ez)

n+1/2
i,j,k+1/2

)
, (52)

D+
t (Hy)

n
i+1/2,j,k+1/2 =

1

µ

(
D+
x (Ez)

n+1/2
i,j,k+1/2 −D

+
z (Ex)

n+1/2
i+1/2,j,k

)
, (53)

D+
t (Hz)

n
i+1/2,j+1/2,k =

1

µ

(
D+
y (Ex)

n+1/2
i+1/2,j,k −D

+
x (Ey)

n+1/2
i,j+1/2,k

)
, (54)

D−
t (Ex)

n+1/2
i+1/2,j,k =

1

ε

(
D−
y (Hz)

n
i+1/2,j+1/2,k −D−

z (Hy)
n
i+1/2,j,k+1/2

)
, (55)

D−
t (Ey)

n+1/2
i,j+1/2,k =

1

ε

(
D−
z (Hx)ni,j+1/2,k+1/2 −D−

x (Hz)
n
i+1/2,j+1/2,k

)
, (56)

D−
t (Ez)

n+1/2
i,j,k+1/2 =

1

ε

(
D−
x (Hy)

n
i+1/2,j,k+1/2 −D−

y (Hx)ni,j+1/2,k+1/2

)
.(57)
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Note that if the initial data is discretely divergence free, it is easy to ver-
ify that discretizations of (47) and (48) are automatically enforced by the
update scheme. Furthermore, it can be shown that each of the field com-
ponents satisfies the standard second order central difference approximation
to the scalar wave equation, e.g.

D+
t D

−
t (Ex)

n+1/2
i+1/2,j,k = c2

(
D+
xD

−
x +D+

y D
−
y +D+

z D
−
z

)
(Ex)

n+1/2
i+1/2,j,k. (58)

Therefore, we can use the DAB formulation given in Sec. 2.2 for each E field
component. We want to emphasize that CRBC-type boundary conditions
can be directly applied to Maxwell’s equations in other discretizations, but it
is not readily apparent that this is possible to do in the Yee scheme because
of the staggered space–time grid. For instance, CRBCs are successfully
applied to a discontinuous Galerkin method in [7] by applying the CRBC
recursions (1) to the characteristic equations for Maxwell’s equations.

In principle, we should only be required to update the tangential E field
values on the DAB boundaries to provide the correct number of boundary
conditions. However, in the cases where there are DAB layers meeting at
edges or corners, we require information from the normal E field auxiliary
components. It is our belief that it should be possible to obtain this informa-
tion without applying the DAB conditions to the normal E field component
on the boundary (e.g. using the divergence free condition (47)), but our
current implementation involves the evolution of all three components on
adjacent DAB layers. Full details are given in Appendix B.

4. Numerical Results

4.1. Free Space Transverse Magnetic

We simulated the free space transverse magnetic problem given by

µ
∂Hx

∂t
= −∂Ez

∂y
,

µ
∂Hy

∂t
=
∂Ez
∂x

,

ε
∂Ez
∂t

=
∂Hy

∂x
− ∂Hx

∂y
.

(59)

To start the simulation, we take initial data from a solution of the form

Ez = µ
∂w

∂t
, Hx = −∂w

∂y
, Hy =

∂w

∂x
, (60)
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where w is a solution of the scalar wave equation produced by a point source
centered at (0, 0.1) with the time amplitude exp (−125(t+ .475)2). The
DAB boundaries were placed at x = ±1 and y = ±1. The errors reported
are relative to the initial condition and are given by the following formula

enrel =

√√√√√√ε
∥∥∥En+1/2

approx −E
n+1/2
exact

∥∥∥2
2

+ µ
∥∥Hn

approx −Hn
exact

∥∥2
2

ε
∥∥∥E1/2

exact

∥∥∥2
2

+ µ
∥∥H0

exact

∥∥2
2

(61)
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Figure 2: Relative Error in Free Space for the Transverse Magnetic Test Problem.

Table 1: Simulation results for the Transverse Magnetic problem in Free Space.

Grid DoFs BC Max Rel Err

3000× 3000 2.72× 107 DAB P = 5 3.73× 10−4

3000× 3000 2.73× 107 DAB P = 9 2.76× 10−5

10000× 10000 3.01× 108 DAB P = 9 2.72× 10−6

3000× 3000 2.76× 107 PML 2.76× 10−5

10000× 10000 3.02× 108 PML 1.69× 10−5

Here we compare our results to those obtained using 10-point convo-
lution PML (PML) [8] with parameters αmax = 0.25, κmax = 0.15, and
σmax ≈ 5000 for the coarse grid and σmax ≈ 16700 for the refined grid.
These parameters were selected based on the recommendations from [8].
The proposed formulation with P = 9 uses fewer degrees-of-freedom than
the PML but achieves the same short-time accuracy and better long-time
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accuracy with the same interior grid of 30002 Ez grid points; see Figure 2.
With further refinement the error is reduced by an order of magnitude and
achieves the a priori error estimate. Before the wave reaches the boundary,
we see only discretization error. After impact, the boundary error dominates
the simulation. This is particularly evident when comparing the simulations
with P = 5 and P = 9 on the same grid as the difference in error is entirely
due to the boundary condition order. We believe that the error in the PML
boundary increases after a short time because the wave impacts the exterior
boundary of the PML and reflects back into the interior domain, but we note
that the overall performance is similar to P = 9 and may be improved with
better PML parameter selection. Finally, the fact that the error decreases in
stages for the boundaries is an indication that a wave is reflected and then
at least partially absorbed once it travels to the other side of the domain.

4.2. Transverse Magnetic in a Waveguide

To test these boundary conditions in a waveguide, we simulated the
transverse magnetic problem using the solution

Ez = µ
∂φ

∂t
, Hx = −∂φ

∂y
, Hy =

∂φ

∂x
, (62)

where φ is a solution of the scalar wave equation satisfying zero Dirichlet
(PEC) boundary conditions at y = 0 and y = 1 produced by a point source
centered at (0, 0.1) with a time amplitude exp (−125(t+ .475)2). The DAB
and PML boundaries were placed at x = ±1.
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Figure 3: Relative Error for the Transverse Magnetic Test Problem in a Waveguide com-
puted according to (61). Maximum relative errors can be seen in Table 2.
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Table 2: Simulation results for the Transverse Magnetic problem in a Waveguide.

Grid DoFs BC Max Rel Err

6000× 3000 5.41× 107 DAB P = 5 3.52× 10−4

12000× 6000 2.16× 108 DAB P = 7 4.82× 10−5

6000× 3000 5.43× 107 PML, σmax ≈ 35000 3.37× 10−2

6000× 3000 5.43× 107 PML, σmax ≈ 10000 1.33× 10−1

12000× 6000 2.17× 108 PML, σmax ≈ 70000 3.88× 10−2

Again, we compare our results to a PML with parameters αmax = 0.25
and κmax = 0.15 in Figure 3. We note that we have chosen to do our tests us-
ing a convolution PML [8] because it more effective at absorbing evanescent
waves than standard PMLs. We show the results for choosing σmax ≈ 35000,
which corresponds to values recommended in [8] and σmax ≈ 10000 to illus-
trate the importance of parameter selection for PML accuracy. The refined
grid uses σmax ≈ 70000. Here, we see that the DAB boundaries, which have
automated parameter tuning, perform much better than the PML with the
parameters tested. We believe that the difference in error between the PML
and DAB is due to how well the boundaries handle evanescent waves; er-
ror estimates for the Bérenger PML on the continuous level, which can be
deduced from the reflection analyses in [9, 10], do indicate that to main-
tain accuracy over long times in waveguide geometry one must use a thick
layer. Enhancements of the Bérenger PML to deal with evanescent modes
have been proposed [11, 12, 13], but we do not know how their performance
compares with the CPML used in our experiments.

4.3. 3D Wave Guide

For our tests in 3D, we use a solution to Maxwell’s equations of the form

E = −µ
(
∇× ∂W

∂t

)
, (63)

H = ∇× (∇×W) . (64)

We choose W to be the point source solution to the vector wave equation

W ≡ e−γ(t+τ−r)
2

r [1, 1, 1]T , where γ and τ are parameters and r = ‖x−xsrc‖.
Using a solution generated from a point source located at xsrc = [0.8, 0.8, 0.8]
with τ = 0.39 and γ = 130, we tested our implementation on the domain
[0, 1.6]3 with DAB boundaries at x = 0 and x = 1.6 and PEC boundaries
elsewhere. The simulations were run with the DAB parameter P = 3 and
P = 5 on a grid with n Yee cells in each spatial direction.
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Figure 4: Relative Error for the 3D wave guide problem using DAB boundaries with 3
CRBC recursions.
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Figure 5: Relative Error for the 3D wave guide problem using DAB boundaries with 5
CRBC recursions.

The results for various mesh spacings are displayed in Figures 4 and
5. We also show the a priori error estimate computed by the optimization
routine. We are able to reduce the error below the estimate for P = 3, which
is approximately 1%, using a grid of 9003. With further refinement using
P = 3, the boundary error dominates and we virtually no improvement in
error. For P = 5 the grid would have to be refined again by a factor of
approximately two in order to reduce the error below the estimate. Again
we note that the a priori error estimates are achieved on sufficiently fine
grids.
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4.4. Parallel Plates

Using the same source parameters as in Sec. 4.3, we set DAB boundaries
at x = 0, x = 1.6, y = 0, and y = 1.6 and PEC boundaries elsewhere.
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Figure 6: Relative Error for the 3D parallel plate problem using DAB boundaries with 3
CRBC recursions.
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Figure 7: Relative Error for the 3D parallel plate problem using DAB boundaries with 5
CRBC recursions.

In Figures 6 and 7 we see the behavior is similar to the wave guide
problem in Figures 4 and 5 but we observe slightly better errors in this
case. We believe this is due to the fact that, on average, waves have a
shorter residence time in the computational domain and thus experience
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less numerical dispersion. In this case, we are able to reduce the error below
the estimate for P = 5.

4.5. Free Space

Again, for the source parameters described Sec. 4.3, we use DAB bound-
aries on all of the boundary faces.
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Figure 8: Relative Error for the 3D free space problem using DAB boundaries with 3
CRBC recursions.
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Figure 9: Relative Error for the 3D free space problem using DAB boundaries with 5
CRBC recursions.

In Figures 8 and 9 we see the performance appears to be much better.
In terms of error, this is the easiest test case because the waves leave the
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computational domain quickly and impact the boundaries at near–normal
incidence. It is worth noting that the stair stepping behavior of the error
in Figures 8 and 9 is caused by errors reflecting across the domain and
each decrease of error corresponds to the predicted reflection coefficient of
the boundary. The errors at long times are the same for both P = 3 and
P = 5 because the erroneously reflected waves have had ample time to travel
across the domain and be absorbed by the boundaries. We then see only
the discretization error.

4.6. Comments on Cost

Comparing the cost of the DAB layer to PML is not straightforward.
Ideally, we would like to compare the accuracy of the DAB and PML bound-
aries of comparable costs. This is problematic because the performance of
the PML is heavily dependent on the selection of parameters, which we again
emphasize is an open problem (see e.g. [2]). Nonetheless, we can count the
flops assuming that we have precomputed coefficients when possible.

In three dimensions, the PML implementation we have used [8] has the
following costs per node in the tangential directions:

C±
PML(w) = 36w, C×

PML(w) = 24w, (65)

where C±
PML(w) is the number of addition/subtraction operations and C×

PML(w)
is the number of multiplications as a function of the thickness, w; that is
the number of points in the normal direction in the layer. We note that
other forms of the PML may have significantly different costs and there
are potentially large setup costs associated with the selection of good PML
parameters.

Similarly, the worst case cost of updating the DAB layer for all three E
field components as a function of the number of recursions, P , is given by

C±
DAB(P ) = 60P + 39, C×

DAB(P ) = 57P + 21. (66)

We can see that the theoretical computational cost of a PML 10 cells thick
is somewhat cheaper than using 5 recursions in the DAB in the worst case
scenario. If there are no edges or corners present, then the DAB only needs
to update the tangential E field components, which results in the reduced
computational costs

C±
DAB(P ) = 40P + 26, C×

DAB(P ) = 38P + 14. (67)

In this case, the DAB with 5 recursions is theoretically cheaper than the
PML with a width of 10.
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We again emphasize that these statements are only meaningful if there
is also a guarantee of similar effectiveness for both boundary types. In
this regard, we believe the DAB boundaries may often be more efficient in
practice because the DAB requires essentially no setup costs associated with
finding good parameters. In contrast it may be necessary to run multiple
simulations to identify reasonable PML parameters. Moreover in waveguide
geometries we have been able to achieve significantly better accuracy than
any PML we have tried.

5. Code

Code that is capable of reproducing most of the results presented here
along with a library to provide the discretization of the DAB boundaries is
available for download at http://www.rbcpack.org.

6. Conclusions and Generalizations

We have demonstrated a convenient and automatic DAB implementa-
tion of CRBCs for electromagnetic waves in homogeneous, dielectric media,
using modules from our open-source library. In our experiments for free
space problems we have achieved accuracy/cost performance somewhat bet-
ter than implementations of CPML suggested in the literature, while our
results in waveguide geometries were significantly more accurate.

Generalizations of our algorithms to more complex models in the far
field are theoretically possible, though we have not yet implemented them
for the Maxwell system. In [14] we demonstrate the effectiveness of CR-
BCs in stratified media using parameters optimized for the maximum wave
speed. We expect this approach will work well for layered dielectric me-
dia. Anisotropic media typically pose a greater challenge in terms of finding
parameters which guarantee exponential convergence and we have not yet
considered this problem for electromagnetic waves. This is clearly an im-
portant topic for future work.
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Appendix A. Explicit DAB Update Formulas

The explicit update formulas for the DAB equations given in Sec. 2.3
are provided here for convenience. The wave equation updates (33)–(35) are
of the form

vn+1
i,j,p = 2vni,j,p − vn−1

i,j,p + c(∆t)2
(
vni−1,j,p − 2vni,j,p + vni+1,j,p

h2x

+
vni,j−1,p − 2vni,j,p + vni,j+1,p

h2y

)
.

(A.1)
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The recursions (37) and (18) can be solved for an explicit update in
the “forward” direction on the interface side, for example recursions in the
x-direction:(

āp +
∆t

hx
+

∆t

2
σ̄p

)
vn+1
i,j,p+1 =

(
āp −

∆t

hx
− ∆t

2
σ̄p

)
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+

(
āp +
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hx
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(A.2)

The recursions in the y-direction, (36) and (17), are essentially identical,
but the differencing is done on the index j instead of i.

Similary, the recursions (37) can be solved for an explicit update in the
“backward” direction on the interface side, for example recursions in the
x-direction: (
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−āp −

∆t

hx
+

∆t

2
σ̄p

)
vni,j,p+1 +

(
−ap +

∆t

hx
− ∆t

2
σp

)
vn+1
i−1,j,p

+

(
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(A.3)

Finally, the termination conditions (41) yield explicit updates of the form(
1 +

c∆t

hx

)
vn+1
i,j,P = vni,j,k,Q + vni−1,j,P − vn+1

i−1,j,P

+
c∆t

hx

(
vn+1
i−1,j,P − vni,j,P + vni−1,j,P

)
.

(A.4)

for the x-direction.

Appendix B. Explicit Procedure for the Yee Scheme

We will consider the Yee Scheme as described in Sec. 3 with a maximum
of nx, ny, and nz grid points in the x, y, and z directions respectively. In
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particular, there are (nx − 1, ny, nz) grid points for the Ex component and
(nx, ny− 1, nz− 1) grid points for the Hx, for example, due to the staggered
grid.

Appendix B.1. DAB Face Updates

For faces with DAB boundary conditions that are not adjacent to other
DAB faces, we only require the DAB updates for the tangential E field
components. For example, we will consider the left boundary face in the
x-direction. In this case, the tangential components are Ey and Ez, so we
introduce a three point layer of auxiliary variables that overlap the compu-
tational domain by two points for each of the components:(

Ẽy

)1/2
i,j+1/2,k,p

= 0, i = 0, 1, 2, j = 1, ..., ny − 1,

k = 1, ..., nz, p = 0, ..., P,

(B.1)

(
Ẽz

)1/2
i,j,k+1/2,p

= 0, i = 0, 1, 2, j = 1, ..., ny,

k = 1, ..., nz − 1, p = 0, ..., P.

(B.2)

We next apply the DAB updates as described for scalar waves in Sec. 2.3.
In particular, assuming we have evolved the interior values with the Yee
scheme updates to time t = (n + 1/2)∆t for the E fields, we first copy the
last plane of points with updates into the auxiliary variables:(

Ẽy

)n+1/2

2,j+1/2,k,0
= (Ey)

n+1/2
2,j+1/2,k , (B.3)(

Ẽz

)n+1/2

2,j,k+1/2,0
= (Ez)

n+1/2
2,j,k+1/2 . (B.4)

Next, we update the interior of the DAB layer using the second order, cen-
tered difference approximation to the wave equation:(

D+
t D

−
t − c2

(
D+
xD

−
x +D+

y D
−
y +D+

z D
−
z

)) (
Ẽy

)n−1/2

1,j+1/2,k,p
= 0,

j = 2, ..., ny − 2, k = 2, ..., nz − 1, p = 0, ..., P,

(B.5)

(
D+
t D

−
t − c2

(
D+
xD

−
x +D+

y D
−
y +D+

z D
−
z

)) (
Ẽz

)n−1/2

1,j,k+1/2,p
= 0,

j = 2, ..., ny − 1, k = 2, ..., nz − 2, p = 0, ..., P.

(B.6)

We note that this gives the 3D equivalent of (A.1), which provides explicit

updates for
(
Ẽy

)n+1/2

1,j+1/2,k,p
and

(
Ẽz

)n+1/2

1,j,k+1/2,p
. We can also handle the ad-

jacent boundary conditions here. For illustration, we consider the adjacent
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boundaries to be perfect electric conductors (PEC). PEC boundaries can be
enforced in the Yee scheme by setting homogeneous Dirichlet conditions on
the tangential E field components to the boundary and homogeneous Neu-
mann conditions on the normal E field component. Since the DAB updates
have not been used on the boundaries, the tangential components should
already be correctly set to 0. However, we need to deal with the normal
components. We do this by substituting the discrete approximation to the
homogeneous Neumann condition into the discrete wave equation updates
to get

D+
t D

−
t

(
Ẽy

)n−1/2

1, 3
2
,k,p
− c2

([
D+
xD

−
x +D+

z D
−
z

] (
Ẽy

)n−1/2

1, 3
2
,k,p

+h−2
y

[
−
(
Ẽy

)n−1/2

1, 3
2
,k,p

+
(
Ẽy

)n−1/2

1, 5
2
,k,p

])
= 0,

k = 2, ..., nz − 1, p = 0, ..., P,

(B.7)

D+
t D

−
t

(
Ẽy

)n−1/2

1,ny−1/2,k,p
− c2

([
D+
xD

−
x +D+

z D
−
z

](
Ẽy

)n−1/2

1,ny−1/2,k,p

+h−2
y

[
−
(
Ẽy

)n−1/2

1,ny−1/2,k,p
+
(
Ẽy

)n−1/2

1,ny− 3
2
,k,p

])
= 0,

k = 2, ..., nz − 1, p = 0, ..., P,

(B.8)

D+
t D

−
t

(
Ẽz

)n−1/2

1,j, 3
2
,p
− c2

([
D+
xD

−
x +D+

y D
−
y

] (
Ẽz

)n−1/2

1,j, 3
2
,p

+h−2
z

[
−
(
Ẽz

)n−1/2

1,j, 3
2
,p

+
(
Ẽz

)n−1/2

1,j, 5
2
,p

])
= 0,

j = 2, ..., ny − 1, p = 0, ..., P,

(B.9)

D+
t D

−
t

(
Ẽz

)n−1/2

1,j,nz−1/2,p
− c2

([
D+
xD

−
x +D+

y D
−
y

](
Ẽz

)n−1/2

1,j,nz−1/2,p

+h−2
z

[
−
(
Ẽz

)n−1/2

1,j,nz−1/2,p
+
(
Ẽz

)n−1/2

1,j,nz− 3
2
,p

])
= 0,

j = 2, ..., ny − 1, p = 0, ..., P,

(B.10)
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Next, we can apply the Sommerfeld termination conditions:(
D+
t A

+
x − cD+

x A
+
t

) (
Ẽy

)n−1/2

0,j+1/2,k,P
= 0,

j = 1, ..., ny − 1, k = 1, ..., nz,

(B.11)

(
D+
t A

+
x − cD+

x A
+
t

) (
Ẽz

)n−1/2

0,j,k+1/2,P
= 0,

j = 1, ..., ny, k = 1, ..., nz − 1.

(B.12)

Note that there is a sign change from the explicit update formula (A.4)
because the outward normal from the face we are considering is x = −1
whereas (A.4) are given for the outward normal x = 1.

Now we can apply the CRBC recursions (again, noting the sign change
due to the outward normal direction):

(
ājD

+
t A

+
x +D+

x A
+
t + σ̄jA

+
t A

+
x

) (
Ẽy

)n−1/2

i,j+1/2,k,p+1
=(

ajD
+
t A

+
x −D+

x A
+
t + σjA

+
t A

+
x

) (
Ẽy

)n−1/2

i,j+1/2,k,p
,

i = 0, 1, j = 1, ..., ny − 1, k = 1, ..., nz,

(B.13)

(
ājD

+
t A

+
x +D+

x A
+
t + σ̄jA

+
t A

+
x

) (
Ẽz

)n−1/2

i,j,k+1/2,p+1
=(

ajD
+
t A

+
x −D+

x A
+
t + σjA

+
t A

+
x

) (
Ẽz

)n−1/2

i,j,k+1/2,p
,

i = 0, 1, j = 1, ..., ny, k = 1, ..., nz − 1.

(B.14)

Finally, we can provide the updated values to the interior Yee scheme
updater:

(Ey)
n+1/2
1,j+1/2,k =

(
Ẽy

)n+1/2

1,j+1/2,k,0
, (B.15)

(Ez)
n+1/2
1,j,k+1/2 =

(
Ẽz

)n+1/2

1,j,k+1/2,0
. (B.16)

Appendix B.2. DAB Edges

If there are two or more adjacent DAB layers, we cannot update points
at the intersecting edge as described. In particular, we cannot apply updates
analogous to (B.7)–(B.10). Additionally, to update an edge we require aux-
iliary data from the normal components on the intersecting faces. To get
this data, we simply perform DAB face updates described in Appendix B.1
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on the normal component; however, we omit the last step of copying the
values back into the interior because the Yee scheme should have correctly
updated the points.

To illustrate the edge conditions, we’ll consider the intersection of two
faces: one with a outward normal x = −1 and the other with the outward
normal y = 1. We will assume that we have updated all of the auxiliary
variables that we can on each of the faces, so we have(

Ẽx

)n+1/2

i+1/2,j,k,p
, i = 0, 1, 2 j = 1, ..., ny − 1, k = 1, ..., nz, (B.17)(

Ẽy

)n+1/2

j,j+1/2,k,p
, i = 0, 1, 2 j = 1, ..., ny − 2, k = 1, ..., nz, (B.18)(

Ẽz

)n+1/2

k,j,k+1/2,p
, i = 0, 1, 2 j = 1, ..., ny − 1,

k = 1, ..., nz − 1,

(B.19)

(
Êx

)n+1/2

i+1/2,j,k,q
, i = 2, ..., nx − 1 j = ny − 1, ny, ny + 1,

k = 1, ..., nz,

(B.20)

(
Êy

)n+1/2

j,j+1/2,k,q
, i = 2, ..., nx j = ny − 2, ny − 1, ny,

k = 1, ..., nz,

(B.21)

(
Êz

)n+1/2

k,j,k+1/2,q
, i = 2, ..., nx j = ny − 1, ny, ny + 1,

k = 1, ..., nz − 1,

(B.22)

where we use Ẽ to denote the auxiliary variables on the face with normal
x = −1 and Ê to denote the auxiliary variables on the face with normal
y = 1. For the Ex components, we need to calculate updates at the spatial
location (1, ny, k) for k = 1, ..., nz. Similarly, we need updates at (1, ny−1, k)
and (1, ny, k) for Ey and Ez, respectively. In each case, the process is the
same, so we only consider the case for the Ez component. We begin by
introducing a doubly indexed set of auxiliary variables that overlaps the
auxiliary variables Ẽz and Êz(

Ēz
)1/2
i,j,k+1/2,p,q

= 0, i = {0, 1, 2}, j = ny − 1, ny, ny + 1

k = 1, ..., nz − 1, p = 0, ..., P, q = 0, ..., P,
(B.23)

where we assume that there are the same number (P + 1) of auxiliary vari-
ables on each of the faces. We will additionally assume that the auxiliary
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equations on each of the faces uses the same CRBC parameters although in
general this need not be the case. We use the convention that the p index
corresponds to recursions in the x direction and the q index corresponds to
recursions in the y direction.

We input the data from the faces into the edge auxiliary variables:(
Ēz
)n+1/2

1,ny−1,k+1/2,p,0
=
(
Ẽz

)n+1/2

1,ny−1,k+1/2,p
(B.24)(

Ēz
)n+1/2

2,ny ,k+1/2,0,q
=
(
Êz

)n+1/2

2,ny ,k+1/2,q
(B.25)

Next we update the interior points for all of the auxiliary variables using
the wave equation

D+
t D

−
t

(
Ēz
)n−1/2

1,ny ,k+1/2,p,q

−c2
(
D+
xD

−
x +D+

y D
−
y +D+

z D
−
z

) (
Ēz
)n−1/2

1,ny ,k+1/2,p,q
= 0,

k = 2, ..., nz − 2, p = 0, ..., P, q = 0, ..., P.

(B.26)

We additionally apply any adjacent boundary conditions here as described
in Appendix B.1 for the face updates. Then, we can apply the Sommerfeld
termination conditions:(

D+
t A

+
x − cD+

x A
+
t

) (
Ēz
)n−1/2

0,ny ,k+1/2,P,q
= 0,

k = 1, ..., nz − 1, q = 0, ..., P.
(B.27)

(
D+
t A

+
y + cD+

y A
+
t

) (
Ēz
)n−1/2

1,ny ,k+1/2,p,P
= 0,

k = 1, ..., nz − 1, p = 0, ..., P.
(B.28)

Now we can apply the CRBC recursions (again, noting the sign change
due to the outward normal direction):(

ājD
+
t A

+
x +D+

x A
+
t + σ̄jA

+
t A

+
x

) (
Ēz
)n−1/2

i,ny ,k+1/2,p+1,q
=(

ajD
+
t A

+
x −D+

x A
+
t + σjA

+
t A

+
x

) (
Ēz
)n−1/2

i,ny ,k+1/2,p,q
,

i = 0, 1, k = 1, ..., nz − 1.

(B.29)

(
ājD

+
t A

+
j −D+

j A
+
t + σ̄jA

+
t A

+
j

) (
Ēz
)n−1/2

1,j,k+1/2,p,q+1
=(

ajD
+
t A

+
y +D+

y A
+
t + σjA

+
t A

+
y

) (
Ēz
)n−1/2

1,ny ,k+1/2,p,q
,

j = ny − 1, ny, k = 1, ..., nz − 1.

(B.30)
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Finally, we can provide the updated values to the interior Yee scheme
updater and the auxiliary variables on the faces:

(Ez)
n+1/2
1,ny ,k+1/2 =

(
Ēz
)n+1/2

1,ny ,k+1/2,0,0
, (B.31)(

Ẽz

)n+1/2

1,ny ,k+1/2,p
=
(
Ēz
)n+1/2

1,ny ,k+1/2,p,0
, (B.32)(

Êz

)n+1/2

1,ny ,k+1/2,q
=
(
Ēz
)n+1/2

1,ny ,k+1/2,0,q
. (B.33)

We note that corners are handled analogously by introducing a triply
index set of auxiliary variables.
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